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EXACT SOLUTIONS OF LAMINAR-BOUNDARY-LAYER EQUATIONS WITH CONSTANT 
PROPERTY VALUES FOR POROUS WALL WITH VARL4BLE TEMPERATURE 1 
By PATRICK L. DONOUGHE and JOHN N. B. LIVINGOOD 
SUMMARY 
Exact solution of the laminar-boundary-layer equations for 
wedge-tyve flow with constant property values are presented for 
transpiration-cooled surfaces with variable wall temperatures. 
The diyerence between wall and stream temperature is assumed 
proportional to a power of the distance from the leading edge. 
Solutions are given for a Prandtl number of 0.7 and ranges of 
pressure-gradient, cooling-air-JEow, and wall-temperature- 
gradient parameters. Boundary-layer pro$les, dimensionless 
boundary-layer thicknesses, and convective heat-transfer coefJi- 
cien ts are given in both tabular and graphical -form. Corres- 
ponding results for constant wall temperature and for imperme- 
able surfaces are included for comparison purposes. 
The results indicate that increasing the wall-temperature 
gradient yields steeper temperature projiles in the boundary 
layer for a given coolant $0~. The steeper temperature pro$les 
produce increased local convective-heat-transfer coeficients. 
These e$ects of the wall-temperature gradient were reduced as 
the coolant flow was increased. Wall-temperature variations 
resulting in zero boundary-layer temperature gradients at the 
wall were found to be increased by increased pressure gradient 
and decreased by increased coolant flow. 
INTRODUCTION 
A knowledge of the behavior of the boundary layer 
adhering to cooled or heated bodies imme,rsed in a moving 
fluid is essential for accurate prediction of heat transfer or 
skin friction. When the boundary layer is laminar, solutions 
of the boundary-layer equations resulting from wedge-type 
flow (flow for which the main-stream velocity is proportional 
to a power of the dist,ance from the stagnation point) have 
been reported for a permeable wall with a constant wall 
temperature and for an impermeable wall with variable wall 
temperature. (These solutions will be discussed later in the 
INTRODUCTION.) The simultaneous effects of a variable 
temperature and a permeable wall on the heat transfer 
apparently have not been obtained heretofore. These effects 
are analyzed herein by solution of the laminar-boundary- 
layer equations with constant property values and wedge- 
type flow. 
Solutions for wedge-type flow can be used directly as a 
first approximation for calculating local heat-transfer coeffi- 
cients to bodies of arbitrary cross section such as turbine 
blades (refs. 1 and 2), airfoils (ref. 2), and cylinders (ref. 3). 
When the need arises for more accurate heat-transfer predic- 
tions, a second or better approximation that utilizes the 
solutions for wedge-type flow is presented in references 4 to 6. 
In references 7 to 9, exact solutions of the laminar- 
boundary-layer equations are presented for wedge-type flow 
with a constant wall temperature under conditions of variable 
property values, transpiration cooling, and small Mach num- 
bers. Experimental velocity distributions for an isothermal, 
porous flat plate are available in reference 10. References 
5 and 7 to 9 summarize previous analyses of wedge-type flow 
with constant wall temperature. Consequently, only the 
investigations which include the effects of variable wall tem- 
perature will be noted herein. Such calculations contained 
in the references which follow were made only for the 
impermeable or solid wall. 
Exact solutions of the energy equation for a variable wall 
temperature with wedge-type flow were first presented by 
Fage and Falkner (ref. 11). These solutions were obtained 
for conditions of constant property values, a Prandtl number 
of 0.77, and a linear velocity increase normal to the wall; 
heat produced by friction and compression were neglected. 
Calculations given by Schuh (ref. 12) for constant property 
values and a Prandtl number of 0.7 employ the exact velocity 
distributions of Hartree (ref. 13); frictional and compression 
heating were again neglected. Chapman and Rubesin give 
results for zero pressure gradient (the flat-plate case or zero 
wedge-opening angle) for a Prandtl number of 0.72 and an 
arbitrary surface-temperature variation; these results include 
frictional heating (ref. 14). Heat-transfer results are re- 
ported by Levy (ref. 15) for wedge-type flow and a range of 
Prandtl numbers appropriate for gases and liquids (Prandtl 
numbers from 0.7 to 20) ; frictional and compression heating 
are partially accounted for. 
Approximate solutions for the heat-transfer rate with an 
arbitrary distribution of main-stream velocity and wall tem- 
perature are obtained by Lighthill (ref; 16). These solutions 
are discussed and utilized in references 17 to 20. In reference 
16, the formulas are of the nature of an asymptotic formula 
for large Prandtl number and it is shown that the approxi- 
mate asymptotic formulas are’not too much in error even for 
a Prandtl number of 0.7. A different method of solution for 
a large Prandtl number is given by references 21 and 22. 
For either a large Prandtl number or large wall-temperature 
variations, symptotic solutions are found in reference 23; 
extensions, corrections, and simplifications are contained in 
references 24 to 27. 
1 Supersedes NACA TN 3151, “Exact Solutions of LaminarBoundary-Layer Equations with Constant Property Values for Porous Wall with Variable Tcmpcraturc,” 
Donoughe and John N. B. Livfngood. 1954. 
by Patrick L. 
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The previous literature indicates quite pronounced effects 
of a variable wall temperature on heat transfer. Current 
interest in transpiration cooling led to an investigation of 
such effects for porous surfaces. This investigation was con- 
ducted at the NACA Lewis laboratory and the results are 
presented herein. Solutions of the laminar-boundary-layer 
equations with constant property values are given for ranges 
of pressure-gradient parameters, dimensionless flow rates 
through the porous wall, and dimensionless wall-temperature 
gradients. Velocity and temperature distributions and their 
derivatives are tabulated. For each case, nondimensional 
forms of heat-transfer and friction coefficients, and various 
dimensionless boundary-layer thicknesses are also tabulated. 
absolute viscosity of fluid 
kinematic viscosity of fluid, p/p 




The following symbols are used in this report: 




specific heat at constant pressure 
dp 
Euler number, -x& 7; lJ,=CxBU 
PU, 
dimensionless stream function 
first, second, and third derivatives of f with 
respect to 4 
local convective heat-transfer coefficient at 2 
thermal conductivity 
local Nusselt number, Hx/k 
temperature gradient parameter, [x/( T,-- T,)] 
(dT,/dx); T,- T, = Bx” 
Prandtl number, c,p/k 
static pressure 
heat flow by radiation 
Reynolds number, U_x/v 
temperature 
fluid velocity at edge of boundary layer 
fluid velocity in boundary layer parallel to wall 
fluid velocity in boundary layer normal to wall 
distance along surface 
temperature-difference ratio, (T- T,)/( T,-- T,) 
first and second derivatives of Y with respect 
to 7 
distance normal to surface 
boundary-layer thickness 
displacement boundary-layer t,hickncss, 6*= 
.[-(l-&)dy 
convection boundary-lavrr thickness, 6,= 
t.hcrmal boundary-layer thickness, at= 





location along plate (see fig. 3) 
wall 
main stream, outside bounclary layer 
ANALYSIS 
LAMINAR-BOUNDARY-LAYER EQUATIONS 
The equations of the laminar boundary layer for steady- 
state flow of a fluid with consta.nt properties may be written: 
Momentum: 
au au b2U 1 bp 
u &-v ry=v a&y-p TX 0) 
Continuity: 
Energy: 
If the temperature differences between the wall and the 
main stream are assumed large as compared with tempera- 
ture changes caused by compression and frictional heating 
and appendix A is used, the energy equation may be written: 
bT bT v b2T 
UblL.+v blJ=Pr by2 
The boundary conditions are, for y=O 
and, for y+ 03 
u=O; v=v,,,; T=T, 
U-+U, (4) 
T+T, 
In order to reduce the number of calculations and increase 
the flexibility of the results, dimensionless parameters for 
pressure and wall-temperature variations are introduced. 
PARAMETERS FOR PRESSURE AND WALL-TEMPERATURE GRADIENTS 
For wedge-type flow, the main-stream-velocity variation 
is given by 
u, = CXEU (5) 
where Eu is a constant for a given wedge. Differentiation 
of equation (5) with Eu constant and USC of Bernoulli’s 
equation yield 
x dU Eu=-- a= --5 dP 
U, dx pU,2 dx (6) 
Equation (6) shows that the Euler number is a dimensionless 
measure of the main-stream pressure gradient. 
A similar procedure may be employed in the determination 
of the wall-temperature-gradient parameter. It is assumed 
that the difference between the wall and the stream tempera- 
ture is proportional to a power of the distance from the lead- 
ing edge, that is, 
T,- T, = Ba” (7) 
where n and T, are considered constant. This relation is 
%f 
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used in references 11,12, and 15. Differentiation of equation 
(7) gives 
(8) 
Equation (8) offers a formula for calculation of the wall- 
r temperature-gradient parameter similar to equation (6)) 
which ‘has-been used (e. g.; refs. 2 and 4) to calculate the 
pressure-gradient parameter. 
TRANSFORMATION TO ORDINARY DIFFERENTIAL EQUATIONS 
The transformation from partial to ordinary differential 





where 7 is the dimensionless independent variable of Blasius 
andf and Y are dimensionless dependent variables reprcscnt- 
_ ing stream function and temperature, respectively. 
The continuity equation (2) is satisfied by the stream func- 
tion $ since 
(10) 
Transformation of the momentum equation (1) and the 
energy equation (3) into ordinary differential equations is 
accomplished by use of equations (5) t,hrough (10). The 
momentum equation becomes 
and the energy equation becomes 




,f /(I -f ‘> d?l 
2 
with the bounda.ry conditions for q=O Convection thickness (ref. 29, pp. 118, 119): 
and for q+ a 
.f=f&=O; and Y=l 
.f’+l 
I Y+O 
From equations (9) and (10) there results 
Use of the boundary conditions at the wall (r]=O) gives the 
following explicit expression for fiD (a dimensionless measure 
of the coolant flow through the porous wall) in terms of the 
velocity v, out of the porous wall: 
(15) 
For numerical solution of equation (1 l), ftD is assumed to 
be a constant. Use of equations (15) and (5) shows that 
El&-l 
this constancy dictates v,axT. In the absence of con- 
duction and radiation, a constant fm yields a constant wall 
temperature (ref. 28). Only conduction along the wall, or 
radiation to the wall, or both may lead to a variation in wall 
temperature if fw is constant. 
It should be noted that equations (11) and (12) can be 
made identical to those employed by previous investigators 
(refs. 11, 12, and 15) and that the inclusion of transpiration 
cooling into the investigation results only in a change in one 
of the boundary conditions (eq. (13)) at the wall; that is, 
at q=O, f now equals fw, which may be nonzero. 
For the case where the heat transferred to the plate by 
convection from the boundary layer is zero, a boundary 
condition Y’(0) =0 is used in solution of equation (12). The 
solutions are obtained by determination of the value of n 
that satisfies equation (12) when Y’(O)=0 for each combina- 
tion of the parameters considered. 
FORMULAS FOR BOUNDARY-LAYER THICKNESSES, HEAT TRANSFER, 
AND FRICTION 
From equations (9) and (10) the boundary-layer velocity 
distribution is exprossiblc as follows: 
iF,=f’ (16) 
Use of equations (9) and (16) in the definitions of the 
various boundary-layer thicknesses as given in the SYM- 





.f’ Y Cl? (1% 
Thermal thickness (ref. 4) : 
s&z? ----=z 
S 
mYdrl . cm 
x 0 
A balance at the wall between the heat transfer by con- 
vection H(T,- T,) and the heat transfer by conduction 
k@Tl?v)tc along with equations (9) a.nd (10) and the 
definitions of Nu and Re yield 
(21) 
an expression for the dimensionless local convective-heat- 
transfer coefficient to the surface. 
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The shear stress 7 is given by 
&U 
r=cl&j 
A friction coefficient C, is defined as 
(22) 
so that by use of equations (9) and (16) 
&Ri?=f; (23) 
an expression for the dimensionless skin friction. 
NUMERICAL CALCULATION 
The numerical solutions of equations (11) a.nd (12) were 
obtained for a Prandtl number of 0.7 (appropriate for air); 
streamwise pressure variations represented by values of Eu 
of 0, X, and 1; flow rates through the porous wall represented 
by values of jW .of 0, - Jh, and -1; and wall-temperature vari- 
ations represented by values of n from the value corre- 
sponding to a zero boundary-la.yer temperature gradient at 
the wall to unity. 
For the case of constant property values considered herein. 
equations (11) and (12) are independent; consequently, 
equation (1 i) is solved previous to solution of equation (12). 
Equation (11) together with the boundary conditions, 
equation (13), constitutes a nonlinear boundary-value prob- 
lem with parameters jzD and Eu. It was solved by an it,erative 
method using punched ca.rds on the IBM Card Programmed 
Calculat,or. Each step of the iterative method required an 
estimation of j” (0) and a subsequent integration, using 
five-point formulas, of the resulting initial value problem. 
As soon as values of f and its derivatives were considered 
correct to four decimal places, results were punched on cards 
for use in the related Y problem. 
Equations (12) and (13) constitute a linear boundary-value 
problem with parameters n and Eu (when Pr is fixed) and 
input data j and j’. Being linear, the problem should be 
solvable by combining any two independent solutions. In 
practice, however, it is necessary to combine two solutions 
nea.r the final one to obtain a result valid to four decimal 
places. Hence, four trials were necessary for each solut,ion 
of a Y problem. 
The integration technique used for both problems is de- 
scribed in detail in the appendix of reference 30 and more 
concisely in appendix B of reference 31. The accuracy of 
results is ,believed to be within one in the fourth decimal 
place. (The jsolutions obtained herein are in good agreement 
with those tabulated in refs. 8, 13, 32, and 33.) 
RESULTS AND DISCUSSION 
The results of the calculations for each of the 29 cases in- 
vestigated are presented in table I. Values of-fandits deriva- 
tives and of Y and its derivatives are tabulated as functions 
of q;j’ represents the velocity distribution, and Y, the temper- 
sture distribution through the boundary layer. Table II 
presents a summary of the principal results, which are ob- 
tained from table I and the use of formulas (17) through (23). 
For the cases where n=O, the results were taken from 
references 8 and 9. Table II also gives the part number of 
table I where the velocity and temperature distributions and 
their derivatives aIe listed. For the cases where n=O, the 
distributions and their derivatives may be obtained from 
reference 8. 
In addition to the tables, some of the results are also pre- 
sented in the form of curves. The graphical presentations 
are used to indicate the influence of the various parameters 
on such quantities as velocity and temperature distributions, 
dimensionless convection and thermal thicknesses, and heat- 
transfer coefficients. Plots of dimensionless displacement 





0 .8 1.6 2.4 3.2 4.0 4.8 5.6 6.4 7.2 8.0 
Nondimensional boundary-layer coordinate, 7 
(a) Euler number, 0. 
(b) Euler number, 0.5. 
(c) Euler number, 1.0. 
FIGURE l.-Velocity distribution in constant-property Iaminar boundary 
layer for permeable and impermeable IvaIl. 
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0 .8 1.6 2.4 3.2 4.0 4.8 5.6 6.4 7.2 8.0 
Nondimensional boundary-layer coordinate, 7 
(a) Wall-temperature-gradient parameter for E”(0) =O; Prandtl 
number, 0.7. 
(b) Wall-temperature-gradient parameter, 0. 
(c) Wall-temperature-gradient parameter, 1; Prandtl number, 0.7. 
FIGURE 2.-Temperature distribution in constant-property laminar 
boundary layer for permeable a.nd impermeable wall at variable 
temperature. Flat-plate flax; Euler number, 0. 
BOUNDARY-LAYER PROFILES 
Figure 1, shows the velocity distribution f’ plotted as a 
function of the dimensionless-boundary-layer coordinate 11 
with the coolant-flow parameter fW for each of the Euler 
numbers considered (Eu=O, ):, and 1). The velocity distri- 
butions for Eu=O, f,=-0.75, and for ,%=l,f,.,=-3.1905, 
and f,=-4.3346 were obtained from reference 32. The 
variables 7 and f’ used in reference 32 were converted to 
those given herein. 
In figure 1, an increase in coolant flow (IfiD increasing) is 
seen to thicken the boundary layer for all Eu and also to 
result in the S-shape velocity profile which is undesirable 
from the stability viewpoint. It is notfed in reference 33 
that the velocity gradient at the wall becomes zero (f”(O)=O) 
for Eu=O when fW= -1.23849. Although calculations 
35428656-2 
for the fw values that result in f”(O)=0 have not been 
made for other Euler numbers, comparison of figures 1 (a), 
(b), and (c) indicate that the boundary layer with pressure 
gradient can tolerate much more coolant flow than a +lat 
plate. Calculations for Eu=l with fw= -4.3346 yield 
velocity profiles which appear to be quite stable (have 
no inflection point) as may be seen in figure 1 (c). Indeed, 
it is shown in reference 32 for stagnation-point flow (Eu= 1) 
that coolant emission from the wall regardless of its magni- 
tude never results in a point of inflection inside the boundsry 
layer. 
Figure 2 contains plots of the temperature profile Y against 
the dimensionless boundary-layer coordinate 1, with fiD as 
parameter, for various values of the wall-temperature- 
gradient parameter n for a flat-plate or zero pressure gra- 
dient (Eu=O). Figure 2 (a) presents the temperature 
profiles for the case with zero temperature gradient at the 
wall, that is, Y’(O)=O. The values of n for this case vary 
with the parameter fw and are indicated on the figure. 
Figure 2 (b) presents the temperature distributions for the 
various values of the parameter fw for the case of a constant 
wall tempcra.turc, that is, for n=O. The distributions for 
a Prandtl number of unity arc obtained quite simply from 
the velocity distributious, since, for a constant wall tempera- 
ture and a flat plate with Pr=l, equations (11) and (12) 
are similar, so that for this case, Y=l -f’. The dis- 
tributions so obtained are in good agreement with those 
reported in reference 28 where the velocity dist.ributions of 
reference 32 were utilized. The effect of the coolant flow fro 
is similar to that shown in figure 2 (a); namely, Ifwl increas- 
ing forces the temperature boundary layer away from the 
wall. It is also interesting to note that, for f,=O, the 
stipulation of Pp=l yields a larger temperature gradient 
at the wall than for Pr=O.T; whereas, for f,=-1.0, the 
gradient is less for Pr=l than for P/.=0.7. As illus- 
trated by t,he following table of -Y’(O), for Eu=O=n, 
whenf,=-0.5, the gradient at the wall is about the same 
for both Prandtl numbers: 
Figure 2 (c), obtained from table I, presents curves for the 
cases where n= 1 .O. The increased boundary-layer temper- 
ature gradients due to the influence of n are apparent when 
figure 2 (c) is compared with figures 2 (a) and (b). For 
T,> T,, the mall temperature increases in flow direction for 
positive n ancl decreases for negative n as depicted in figure 3. 
These changes in the wall temperature are transmitted into 
the bomldary layer with a certain delay due to the heat 
capacity of the boundary layer, as previously pointed out by 
Schuh (ref. 12). At a location x1, the temperatures T in the 
boundary layer are greater, therefore,’ for ,n>O and smaller 
for n<O than for constant wall temperature n=O. This 
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(a) (b) (c) 
(a) n>O. (b) n=O. (cl n<O 
FIGURE 3.-Temperatures and required radiation for a permeabl;pt 
plate with variable wall temperature;f,=r -2v,4~, 
m e,n=& 2. 
disparity may be noted quantitatively in figure 2 and 
qualitatively in figure 3. Figure 3 also indicates, in a 
qualitative manner, the velocity through t,he wall and the 
heat required (by radiation) to vary the wall temperature 
with coolant emission. 
Figure 4 also shows temperature distributions in the bound- 
ary layer but for stagnation-point flow (Eu= 1 .O). Figure 
4 (a) is for zero boundary-layer temperature gradient at the 
wall. Figure 4 (b) (note the different scale for the abscissa) 
presents results for constant wall temperature for P?=O.7 
(ref. 8) and for Pr= 1.0 (ref. 28). At the common curve for 
both Prandtl numbers (.f,=O), Y’ (0) is 0.4958 for Pr=O.7 
and 0.570 for Pr=l.O. The coolant flows of -3.1905 and 
-4.3346 bot.1~ resulted in a zero temperature gradient at 
s=O. Figure 4 (c) shows the t,emperature profiles for ‘n= 1. 
The influence of the wall-t,emperature variation for Z?U= 1 is 
similar to the influence for Eu=O. 
Figure 4 (and fig. 2, as well) reveal that, increases in /,fml 
diminish the temperature gradients in the boundary layer for 
all values of the wall-temperature-graclient parameter. 
Increases in the wall-temperature gradient, however, in- 
crease the boundary-layer temperature gradient. 
These increases in t’he temperature boundary layer due to 
wall-temperature gradient arc similar to those encount,ered 
in the velociky boundary layer due t,o main-stream velocih)- 
gradient, (cf. fig. I). A posit.ive pressure gradient, forces the 
velocity boundary layer into the wall; the wall-temperature 
gradient (for positive n) draws the temperature boundary 
layer into the wall, resulting in steeper temperature profiles. 
Whereas Cc velocity boundary layer is aflected by velocity 
gradients in the main stream (outer edge of t.he boundary 
layer), the temperature boundary layer is influenced not only 
by the velocit,y gradient but a,lso by the t,emperature gradient 
along the wall (inner edge of t,he bounclary layer). 
HEAT-TRANSFER RESULTS 
Dimensionless local convective-heat-transfer coefficients 
arc presented in figure 5. (Tl lese coefficients arc in general 
0 .4 .s 1.2 1.6 2.0 2.4 2.8 3.2 3.6 4.0 4.4 48 5.2 
Nondimensional boundary-layer coordinate, 7 
(a) Wall-temperature-gradient parameter for Y’(0) =O; Prandtl 
number, 0.7. 
(b) Wall-temperature-gradient parameter, 0 (constant wall temper- 
ature). 
(c) Wall-temperature-gradient parameter, 1; Prandtl number, 0.7 
FIGCRE 4.-Temperature distributions in constant-property laminar 
boundary layer for permeable and impermeable walI at variable 
temperature. Stagnation point flow; Euler number, 1.0. 
agreement with those reported in the literature as discussed 
in appendix B.) For each Euler number and coolant flow, 
there is a wall-temperature varia.tion which results in Y’(0) = 
0. These values of n are given by the int.ercepts of the 
various curves with the horizontal axis. A curve to be 
presented later will illustrate zero convect,ive heat transfer 
more thorough1.v. 
For fixed values of the Euler number and the coolant flow, 
increases iii the wall-t.empcrat,ure gradient, yield increases in 
the local heat-transfer coefficient. This behavior is a resull 
of t,he increased gradients in the t,emperature profiles clue to 
increased n and was notecl in t,he discussion of figure 2. In all 
instances the effect of the coolant emission from the wall is to 
reduce the local heat-transfer coefficienk. This reduction is 
more marked for the flat-plate case (Eu= 0) than for the flow 
with velocity gradient (Eu # 0). It is seen in figures 5 (a) and 
(c) that, for a linear wall-t’emperature gradient (i. e., n= l.O), 
a coolant flow represented approximately by fm= -0.5 is 
required t’o obtain about the same convective-heat-transfer 
coefficient as for a solid wall with a constant temperature. 
Ti-- 5., , ,L. 




.~ ._i.. . . . . . 
‘, ’ “. ,’ .- 
.- *. ‘- 
-4.P&.... 
. . . 
_i ., :y: 
_ ._ i ‘. ,.. .:..!. :, 




EXACT SOLUTIOki ‘OF LAMINAR-BOUNDARY-LAYER EQUATIONS WITH CONSTANT PROPERTY VALTJES 
FIG 
x /I/ 
I i ;/ 
I // (b) 
-1.0 -.6 -2 .2 .6 1.0 
Wall-temperature-gradient parameter, n 
(a) Euler number, 0. (b) Euler number, 0.5. 
URE S.-Convective heat transfer through constant-property laminar boundary layer for 
perature; Prandtl number, 0.7. 
The influence of the pressure-gradient parameter EU can 
be determined from the positions of the various curves in 
figure 5. It can be seen that, in general, as the Euler number 
increases from 0 to 1, the value of the dimensionless local 
heat-transfer coefficient Nu J& increases considerably for 
fixed values of the wall-temperature-gradient parameter n, 
and t#he coolant-flow parameter jio. Exceptions can be noted, 
however. For an Euler number of 1 and a cooled wall 
(fiD=-0.5 and -l.O), these curves arc essentially the same 
as the corresponding ones for Eu=O.5. This similarity 
emphasizes that the primary pressure-gradient effects occur 
as Eu changes from 0 to 0.5. The pressure gradient also 
influenced the impermeable wall only slightly as Eu increased 
from 0.5 to 1.0. 
Comparison of figures 5 (a) and (b) for fU=O and -0.5 
reveals that the effect on the local convective-heat-transfer 
coefficient of increasing the wall-temperature-gradient pa- 
rameter from 0 to 1 is from one and a half to twice the effect 
of the pressure-gradient parameter. (For example, for 
f,=O=&, a change in n from 0 to 1 causes about a 65- 
percent increase in Y’(0); for fw=O=n, a change in Eu 
from 0 to 0.5 causes about a 40-percent increase in Y’(O).) 
For the strongly cooled wall (f,,,= -l), the opposite trend 
is observed, namely, that the pressure-gradient effects 
overshadow the effects of the wall-temperature-gradient 
parameter. Figures 5 (b) and (c) indicate that a change in 
n from 0 to 1 is about twice as influential as the pressure 
gradient on the local heat-transfer coefficient for an imper- 
meable wall. For a cooled wall, as noted before, the pressure 
gradient is not influential as Eu changes from 0.5 to 1, 
whereas an increase in wall-temperature-gradient parameter 
352286-56-2 
v I /I /Y I I I I I IP)l 
-1.0 -.6 -.2 .2 .6 1.0 
(c) Euler number, 1.0. 
permeable and impermeable walls at variable 
7 
tem- 
from 0 to 1 about doubles the value of the heat-transfer 
coefficient . 
Figure 6 presents plots of the ratio of the gas-to-wall 
heat-transfer coefficient for a variable-wall temperature to 
that for a constant wall temperature against n for the 
different Euler numbers with .fW as parameter. These ratios 
were obt(ainec1 by dividing the ordinates of figure 5 for 
various values of n by the ordinate for n=O for each coolant- 
flow parameter and Euler number. This method of plotting 
the results emphasizes the influence of a nonzero wall- 
temperature gradient on the local heat-transfer coefficient. 
For each Euler number, the curves represent,ed by the 
different coolant-flow rates cross at the value n=O. The 
intercept of each curve with the horizontal axis again gives 
the value of n for a zero temperature gradient at the wall. 
The effect of a variable wall temperature son the local 
heat-transfer coefficient for an impermeable flat plate with 
a turbulent boundary layer can be obtained by utilizing 
reference 34. For the turbulent case, the ratio H,JH,=, 
is found to be 1.22, 1.13, and 0.86 for n of 1.0, 0.5, and -0.3, 
respectively. These values may be compared with the 
corresponding coordinates (fW=O) given in figure 6(a) for 
the laminar boundary layer (1.64, 1.39, and 0.55, respec- 
tively). This comparison indicates that a wall-temperature 
variation with a turbulent boundary layer influences the 
local heat-transfer coefficient about one-third as much as a 
similar variation with a laminar boundary layer. 
Dimensionless convection boundary-layer thicknesses are 
plotted in figure 7 against n with fro as parameter, for each 
of the Euler numbers considered. Figures 7 (a), (b), and (c) 
show S&&/X for Eu=O, 0.5, and 1.0, respectively. The 
effect of coolant flow is more marked for n <O than for n>O. 
_ -. . . . . .-.--- 
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1.6 
.8 
1.b I  I  I  I  I  
Ill li I I I I 
0.6 -.2 
i(a)I 
.2 .6 1.0 
1 
-1.0 6 2 .2 .6 
Walt-;‘emperat;;e-gractient parameter, n 
1.0 -1.0 -.6 -.2 .2 .6 I .o 
I ’ ’ ’ ’ ’ ’ 1 1 1. 1 
(a) Euler number, 0. (b) Euler number, 0.5. (c) Euler number, 1.0. 
FIGURE B.-Effect of variable wall temperature on local convective-heat-transfer coefficient for laminar boundary layer; Prandtl number, 0.7. 
(a) Euler number, 0. (b) Euler number, 0.5. (c) Euler number, 1.0. 
FIGURE 7.-Convection thickness of constant-property laminar boundary layer for permeable and impermeable walls at variable temperature; 
Prandtl number, 0.7. 
In fact, for Eu=O (fig. 7(a)), when n=l, there are only 
slight differences in the convection thickness for the different 
coolant flows. For all Euler numbers and coolant flows, an 
increase in the wall-temperature gradient results in a de- 
crease in the convection thickness. This behavior is due to 
the influence of the wall-temperature gradient on the 
boundary-layer temperature profile. Thus, from figures 2 
and 4, an increase in n results in a smaller P for a given 7, 





The dimensionless thermal boundary-layer thicknesses 
presented in figure 8 indicate trends similar to those found 
for the convection thickness; increases in n result in decreases 
in the thermal thickness. For given values of the parameters 
f . ID, n, and BL, the thermal boundary-layer thickness is 
great,er than the convection thickness. This is to be ex- 
pected since 
s,a= S -Ydv X 0 
whereas the convection thickness is tempered by the velocity 
profile as noted in the preceding equation. 
It has already been pointed out that the intercepts of the 
various curves with the horizontal axes in figures 5 and 6 
give the values of n for which there is a zero temperature 
gradient at the wall. Figure 9 presents this same informa- 
EXACT SOLUTIONS OF LAMINAR-BOUNDARY-LAYER 
tion in a more compact form. The value n is plotted against 
the Euler number with the coolant-flow rate as parameter. 
The values for f,.,=O have been presented by Levy (ref. 15). 
The increase in n for increasing lfWl indicates that a smaller 
wall-temperature gradient is needed to reduce the gradient 
.8- 
-.6 -.2 .2 .6 1.0 
EQUATIONS WITH CONSTANT PROPERTY VALUES . 9 
at the wall to zero when coolant flow is emitted than for the 
impermeable plate. Because of the larger local heat-transfer 
coefficient for increased Euler number, a larger InJ is needed 
to reduce the temperature gradient at the wall to zero for 
Eu>O than for Eu=O. 
I I I I I I I,,,, 
- 1.0 -.6 -.2 .2 .6 1.0 
Wall -temperature-gradient parameter, n 
I I I I 1.5 
-1.0 -6 -.2 .2 .6 I .o 
(a) Euler number, 0. (b) Euler number, 0.5. (c) Euler number, 1.0 
FIGURE S.-Thermal thickness of constant-property laminar boundary layer for permeable and impermeable walls at variable temperature; 
Prandtl number, 0.7. 
” .L .L) .b .8 I.” 
Euler number, EIJ 
FIGURE 9 .-Value of n for zero temperature gradient at wall 
( Y’ (0) =O) ; Prandtl number, 0.7. W’@ -\ - - 
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SUMMARY OF RESULTS i. ,Coolant-flow emission acted in a fashion similar to re- 
Numerical solutions of the lamiqar-boundary-layer equa- ducing the wall-temperature gradient, that is, increasing the 
tions were obtained for a porous wall with a variable tem- coolant flow decreased the local convective-heat-transfer 
perature and a pressure gradient. The assumptions utilized coefficient. In order to obtain about the same local heat- 
were constant-property values, negligible temperature transfer coefficient for a lipear wall-temperature variation as 
changes caused by compression and frictional heating com- 
pared with the difference between. the wall and the main- 
for an impermeable wall with constant temperature, it was 
stream temperature, constant pressure and wall-temperature- 
necessary to supply a coolant flow represented by fm= -0.5. 
gradient parameters, and a Prandtl number of 0.7. Tabula- 
3. Wall-temperature variations that result in zero-bound- 
tion was made of the velocity and temperature distributions, ary-layer temperature gradient at the wall were obtained. 
their derivatives, and dimensionless forms of the heat- As the pressure gradient was increased, larger wall-tempera- 
transfer and friction coefficients and boundary-layer thick- ture variation was required to obtain a zero temperature 
nesses. gradient at the wall. Flow through the porous wall reduced 
A summary of the results of this investigation follows: the wall-temperature variation needed to yield a zero tem- 
1. The temperature distributions indicated that increased perature gradient for all pressure gradients. 
temperature gradients throughout the boundary layer re- 
sulted from increases in the wall-temperature-gradient $a- LEWIS FLIGHT PROPULSION LABORATORY 
rameter. Correspondingly, the local heat-transfer coeffi- NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 
cients also increased. CLEVELAND, OHIO, July 15, 1954 
APPENDIX A 
ALLOWABLE MAGNITUDE FOR WALL-TEMPERATURE VARIATION 
It is noted in reference 14 and also in the discussion of 
reference 19 that equation (3) is valid when S/x<<1 and 
&!I! 
- 6 (AZ> 
b 
C-T> 
< (Tt0-n For the flow of air, Re is of the order of lo4 away from the 
dx w- 6 (Al) stagnation point. Thus, n may be quite’ high and still 
allow equabion (3), which neglects the effect of conduction 
By use of equation (7) and 6/x=6/* equat.ion (Al) becomes within the fluid in the streamwise direction, to be used. 
APPENDIX B 
COMPARISON OF PRESENT RESULTS WITH RESULTS FROM PREVIOUS INVESTIGATIONS 
The following table shows values of the negative of the 
boundary-layer-temperature gradient (local heat-transfer 
coefficient) at the impermeable wall for t,he present results 
and the result,s previously reported in the literature for 
Pr=O.7. For each investigation, the relation between 
- I” (0) and the notation employed in the reference is given. 
[-Y’ (0) for/ w =O and Pr=O.7] 
Pohl- 
Eu n hausrn 
(ref. 35) 
I I 
R Obtained from ref. 8. 
;;p;r)t ~ Sclmh (ref. 12) 1 Levy (ref. 15) 
0.2927 I 0.293 I-- 0.2874 
I ------- -- 4023 




/ :““L :cz 








Examination of the table reveals a check for Eu=O, n=O 
between the present results and those reported by Pohl- 
hausen, Eckert, and Schuh. At Eu= 1 and n=O,.the present 
results are in agreement with t.hose presented by Eckert and 
Schuh. As already pointed out by Levy (ref. 15)) his 
results are subjected to an error of the order of 1 to 2 percent. 
If the present results are assumed correct, this small error is 
seen to hold true for n=O with both the flat-plate and stag- 
nation-point flow. For n#O, there is better agreement 
between Levy’s results and the present results. 
Levy (ref. 15) also noted the validity of Schuh’s results 
(ref. 12) for stagnation-point flow and the discrepancy for 
flat-plate flow with a variable wall temperature. The 
validity for Eu= 1 and Eu=O, n= 0, as well as the discrepancy 
for Eu=O, n=l is apparent, from the table. 
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TABLE I.-VELOCITY AND TEMPERATURE DISTRIBUTIONS FOR WEDGE FLOW WITH A VARIABLE TEMPERATURE 
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TABLE I.-Continued. VELOCITY AND TEMPERATURE DISTRIBUTIONS FOR WEDGE FLOW WITH A VARIABLE 
TEMPERATURE ALONG THE POROUS WALL 
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TABLE I.--Continued. VELOCITY AND TEMPERATURE DISTRIBUTIONS FOR WEDGE FLOW WITH A VARI’ABLE 
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TABLE I.-Continued. VELOCITY AND TEMPERATURE DISTRIBUTIONS FOR WEDGE FLOW WITH A VARIABLE 
TEMPERATURE ALONG THE POROUS WALL 
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-. 1633 .5542 -. 4279 -_ WOE 
-, 1418 .5115 -. 4258 .0439 
--.mn .4n92 -, 4193 .0858 
















































-. 0018 .0330 
--.noi3 .0267 
-.nooo .0215 





















_ _ . . _ _ . _ _ _ _ _ _ _ 

































































3. 1 1.8204 





3. 7 2.4105 
3.8 2.5194 




i: %  

















































































































































18 REPORT 1229-NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 
TABLE I.-Continued. VELOCITY AND TEMPERATURE DISTRIBUTIONS FOR WEDGE FLOW WITH A VARIABLE 
















__ = 2.3709 
5 - 





















-. 1478 -. 0466 
-. 1570 -. 0444 
-_ 1656 -_ 0417 



















-. 1810 -. 0350 
-. 1876 -. 0309 
-_ 1933 -_ 0262 
-. 1980 -. 0212 





-. 1709 - .0233 .6445 -. 2043 -.m7 
-. 1752 -. 0198 .6035 -. 2056 -. 0035 
-. 1788 -. 0159 .5624 -. 2056 .0031 
-. 1815 -. 0116 5213 -. 2043 
-. 0068 : 4807 
. W98 
-. 1834 -. 2017 .0165 
.5403 -. 1842 -_ OQ18 .4407 -. 1978 
so35 -. 1840 .CQ36 .4017 -_ 1925 
.4663 -. 182R .0092 .3638 - 1859 
.4304 - 1803 .0149 3274 -. 1782 































-. 1339 ,047s 
-. 1241 .0500 
-. 1139 .0513 
-. 1036 .0517 










.0963 -. 0832 .0500 
.0806 - .0734 . 0480 
.0669 - 0640 .0453 
.(I550 -. 0553 0421 





-. 0525 .0427 
-. 0444 .0385 
-_ 0371 .0342 
-_ 0307 03MI 
-_ 0251 .0259 
.0361 - .0399 .0348 
.0288 -. 0333 .0310 
,022i -. 0275 .0272 
.Oli7 -, 0224 .(I235 






-. 0293 .I1220 
-. 0162 .0185 
-, 0129 .0154 
-. 0101 .0126 
















0168 .0039 -.oQ60 
.0139 Oa28 -. 0045 
.0113 .0020 -.Oil34 
.0091 . Oil15 -. 0025 

















































. . .._..... 
._........ 
f” f ,,, 
-__ 
Y Y’ Y'l 
-l.rJOOa 0 0.0355 
-. 9993 OOi5 .0392 
-. 9970 .0157 .0434 
-. 9929 0248 .0479 













































































.9497 -.059&l -. 052f 
.9368 --.Oill -. n.5& 
.9214 -. 0832 -. 063C 
Ho35 --.0964 -. 068( 









.a592 -. 1254 -. Oi5i 
.3326 -. 1408 -. 077: 
.a029 -. 1562 -. 0771 
.7701 -_ 1715 -_ 074: 










-. 1995 -. 063: 
-_ 2113 -_ 054: 
-. 2210 -. 042f 
-. 2282 -_ 029f 










.473i -. 2336 
: ;:5; I: “z;;: 
.3369 -. 2176 


















































.0065 -. 0118 .0302 -. 0420 0480 
.0045 - .0086 .0227 -. 0332 .0404 
.0030 -. 0061 .0168 -. 0258 .0334 
.0020 -. 0042 .0123 -. 0198 0271 

































































-. 4071 .4031 
-. 3226 .4415 
-. 2304 .4811 
-. 1301 .5217 
-. 0217 .5628 
.0950 6040 


















8. 0 2.6138 
8. 2 2.8155 
8. 4 3.0131 
8. 6 3.2114 
8.8 3.4102 
9.0 3.6093 
9. 2 3.8088 
9.4 4.0084 




































ESAC’I’ SOLUTIONS OF LA~~LIIhTAa-BOUNDART-LaTER EQTJa1’IONS WITH CONSTANT PROPERTY \-e&LUES 
TABLE I.--Continued. \-ELOCITY AKD TEMPERATURE DISTRIBUTIOX3 FOR M-EDGE FLOK WITH A VARIABLE 
TEMPERATURE ALONG THE POROUS WALL 
___--- 
I /==-I; m=o.5 -___ 
I I (UJ 
I I 
I 
(Z-3 cm I 
I I 

































. 7.98 . 2297 -. lCQ8 
.83%4 1965 
.8655 : 1652 
-. 1618 
-_ 1,509 
.8!236 1363 -. 13i5 
.9232 .I103 -. 1223 
3. n . Ti?O .9430 0375 
3. 2 .9G?2 . ml4 .06i9 
3.4 1.1552 .QiO3 .0516 
3.6 1.3502 .!I993 .0333 





1.i441 .9’905 .0196 -. 0351 
1.9426 .9938 .0136 -. n259 
2.1418 .9961 .OG91 -. 0186 
2. a12 .99X . oorxl -. 0130 
2.5m8 .9985 .003$ -.oo.% 
’ 5.0 2.7406 
5.2 2.9405 




































































.9iGG -. 0673 .142G _ iOOi -.3z.s 
.959!? -. Ku0 -. lGS0 G354 - .3259 
. G&ii -_ 1350 -. 1835 .5iO6 --.3214 
. SO-III -_ 173G -. 1920 .5072 -.31?4 





-. 24Yl -_ lili( 
-. 2821 -. 1519 
-_ 3992 - 1175 
-_ 3266 -. 0756 
-. 3392 -. 0294 
_ %iT -. ?SZG 
.3331 -. 2630 
:i%Z 1: 2:: 





-. 3494 . OliB 159G -. IFS6 
-. 3324 .OG18 . 12% -.14-w 
-. 3161 . ml1 )OlG -. 1223 
-.292Q .I302 .Oi93 -. 1015 
-. 2647 .ljos .oGKs --.w?8 
_ ?096 -. 2333 












.0342 -_ 0521 
.O%Xl -. MO2 
0180 -. 0305 






2% :i!% :% 
-. 0495 .0745 .OOlO 
-. 0362 OGSS . GO26 
-. 0259 .0449 . 0016 
-_ om . om 
-.OllS .0293 
-. 00.?3 .0151 




















































































































20 REPORT 122~NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 
TABLE I.-Concluded. VELOCITY AND TEMPERATURE DISTRIBUTIONS FOR WEDGE FLOW WITH A VARTABLE 
TEMPERATURE ALONG THE POROUS WALL 
I f-=-l; Eu 1.0 
l- T - 
n==0.5 
sraz z=1.6269 
6* a=, __. g& z 
ai* --0.4047 z 














.4462 -. 3678 
.3755 -_ 3383 










.0701 -_ 1066 
.0512 -. 0830 
.0366 -_ 0632 
.0257 -, 0470 
.0176 --.0341 
.0119 -. 0242 
,007s -. 0167 
,050 -.0113 
.0032 -_ 0074 

















_ . . 
_- . . ..__ 
/ f’ f” I”’ Y Y’ Y” 
-- -- -- 
0 -1.0000 0 
.2 -, 9852 .1461 
.4 -, 9427 .2809 
6 -_ 8737 .4031 
.8 -, 7820 .5120 
0.7565 -0.2435 
.7034 -_ 2854 : ::z 1: ;A;; 
.5111 -. 3382 
1.0000 0 0 
.YYY7 -. 0046 .0465 
.YY75 -.0186 -. 0901 
.9917 -. 0430 -. 1448 




1.0 -. 66Y8 
1.2 -. 5399 
1.4 -. 3948 
1.6 -. 2371 





.4437 -_ 3338 .Y609 -. 1175 -. 22.31 
.3782 -, 3202 .9326 -, 1659 -_ 2534 
.3161 -. 2992 .a943 -. 2177 -. 2614 
.2589 -. 2721 .5456 -_ 2891 -. 2493 





2.0 1074 .8998 
2.2 .2904 .9284 
2.4 .4784 .9mo 
2.6 .6701 .9660 
























3.0 1.0608 .9854 .0329 -_ 0638 .3392 -. 3498 
3.2 1.2585 .9908 .0220 -. 0459 ,2727 -_ 3138 
3.4 1.4571 .9944 .0142 -. 0319 .2140 -_ 2i24 
3.6 1.6562 .9967 0090 -. 0214 .I639 -. 2290 














































































.0122 -.0286 .0576 
.0075 -. 0188 .0407 
.0044 -. 0120 ,027s 
.0025 -_ 0075 .0184 





_- . . . . . . 
_. _ _. 
.0006 -. 0026 .0073 .0002 
.0002 -. 0015 .0044 .0601 
0000 -. 0008 .0025 .OOOl 
0000 -_ 0004 .0014 0001 









































































-. 0405 .0657 
1: o"E : %: 
-. 0136 .0274 

















_ _ _ _. _ 
- 
21 EXACT SOLUTIONS OF LAMINAR-BOUNDARY-LAYER EQUATIONS WITH CONSTANT PROPERTY VALUES 
TABLE II.-SUMMARY OF HEAT-TRANSFER AND FRICTION 


































































































































1 I -- 
O.fd77 0.2921 
I I -- 
2.4595 0.8288 














. 6231 2.0470 
.4724 1.7627 
0 



















1.2696 2. 2737 
.8886 1.7826 
.6997 1.5239 
-1. 0 0 4.3923 1.0717 
1 I I 
.5 1.2597 0.5231 
I 1 1 
1. 0 0.9448 0.4047 
111 
1.7309 
1.2077 
2.6219 
1.9946 
1.6269 
1.4109 
. 
